To each ÿeld F of characteristic not 2, one can associate a certain Galois group G F , the socalled W-group of F, which carries essentially the same information as the Witt ring W (F) of equivalence classes of anisotropic quadratic forms over F. There is a close connection between (nontrivial) involutions in G F and orderings on F. The purpose of this paper is to investigate how the lattice of orderings and preorderings on F is determined by GF , and to provide a Galoistheoretic version of reduced Witt rings.
Introduction and notation
The W-groups G F and their properties have been studied in [9] [10] [11] [12] . The connections with involutions have been presented in [11] . We shall show that this can be generalized to provide a realization in G F of preorderings on F, given by subgroups which can be generated by involutions. Section 2 develops the properties of these special subgroups of the W-group and Section 3 shows the correspondence with preorderings of the ÿeld F. In Section 4 we apply the results to special types of preorderings, namely fans and SAP preorderings. Section 5 looks at a particular numerical invariant of ÿnite spaces of orderings obtained from the corresponding subgroup, and the ÿnal section looks at the topology when the spaces of orderings are inÿnite.
Many of the ideas applied here to subgroups of W-groups generated by involutions are special cases of ideas which apply more generally to arbitrary subgroups of W-groups. These more general results, and in particular the connections between subgroups of W-groups and additive properties of subgroups of the square class group of the base ÿeld, are explored in [4] .
Given a set of elements g i ∈ G, i in some index set I , we write g i | i ∈ I for the subgroup of G topologically generated by the set {g i | i ∈ I }; viz. the closed subgroup of G generated by the set of elements g i . Whenever we speak of a subgroup being generated by a set of elements, it should be understood that we mean topologically generated, i.e. one takes the closure of the subgroup generated by the given set of elements.
The W-group G F of a ÿeld F is the Galois group over F of the ÿeld F (3) , which is deÿned to be the compositum over F of all cyclic of order 2, cyclic of order 4, and dihedral of order 8 extensions of F. The ÿeld F (3) can also be viewed as being constructed in a two-tiered process of taking multiquadratic extensions of F as follows. Let F (2) denote the compositum over F of all quadratic extensions of F. Then F (3) is the compositum over F (2) of all quadratic extensions of F (2) which are Galois over F. In the case where F is formally real, G F determines W (F) and conversely. The details of this relationship are given in the next section. These groups all lie in the category Cat, the full subcategory of the category of pro-2-groups whose objects are those pro-2-groups G satisfying g 4 = 1 and g 2 ∈ Z(G) for all g ∈ G. The Frattini subgroup of such a group G, denoted (G), is (topologically) generated by squares and commutators (cf. [10, Proposition 1.3] ). Indeed, for G in Cat, (G) = [G; G]G 2 = G 2 . (The reader is referred to [14, Ch.3, Section 3] for more details on the structure of pro-p-groups. ) We deÿne an essential subgroup of a group G ∈Cat to be a closed subgroup H satisfying H ∩ (G) = (H ). An essential subgroup is characterized by the fact that a minimal set of topological generators for H extends to a minimal set for G.
We will need a number of results on orderings and W-groups, which are proved in [11] . In particular, letting = (G F ), we have G F = ∼ = Gal(F (2) =F) and the nonidentity cosets of in G F which are represented by involutions are in 1-1 correspondence with the elements of X F , the set of all orderings on F. Recall that an ordering P on a ÿeld F is a subset P ⊂Ḟ satisfying (1) P + P ⊆ P, (2) P · P ⊆ P, (3) P ∩ −P = ∅, and (4) P ∪ −P =Ḟ. An involution not in (a 'nontrivial' involution) determines an ordering P = {a ∈ F | √ a = ( √ a)} = (F (3) ) 2 ∩Ḟ, where F (3) is the ÿxed ÿeld of in F (3) . In particular, if 2 = 1; ∈ , then ( √ −1) = − √ −1. Any two involutions in the same coset of determine the same ordering on F, since their actions on F (2) are the same. A nontrivial involution is called real if its ÿxed ÿeld F (3) is a relative real closure of F in F (3) ; every nonidentity coset of which is represented by an involution is represented by a real involution. All real involutions in a given coset are conjugates. Conversely, if P is any ordering on F, then there exists a nontrivial involution in G F such that P = (F (3) ) 2 ∩Ḟ. This is uniquely determined by P up to multiplication by elements of , that is, P determines a unique coset , where is an involution in G F .
Finally, we will need the concept of a preordering T on the ÿeld F. The principal facts about preorderings are nicely presented in [3] . A subset T (Ḟ is a preordering on F if it satisÿes (1)Ḟ 2 ⊆ T , (2) T + T ⊆ T , and (3) T · T ⊆ T . With these three conditions, the condition that T is a proper subset ofḞ is equivalent to requiring −1 ∈ T . Every ordering is a preordering, and every preordering on F is the intersection of the orderings on F which contain it.
Involution subgroups
The Galois-theoretic manifestation of a preordering on F is an essential subgroup of G F which is generated by involutions. This turns out to be a direct generalization of the correspondence between orderings on F and nontrivial involutions in G F , as such involutions determine an essential subgroup isomorphic to Z=2Z. As in the case with orderings, distinct preorderings correspond to subgroups which are distinct "mod (G F )". The relevant subgroups of G F will be seen (in the next section) to be those given by the following deÿnition.
Deÿnition. An involution subgroup of a group G in Cat is an essential subgroup of G generated (topologically) by involutions.
Theorem 2.1. Let G ∈ Cat and write = (G).
(1) Any closed subgroup H ⊂ G can be written as
where E H is an essential subgroup. 
. Extend this to a set of elements {h i ; t j ∈ H | i ∈ I; j ∈ J } such that the images {h i (H ); t j (H) | i ∈ I; j ∈ J } form a basis of H= (H ). Then {h i ; t j | i ∈ I; j ∈ J } is a minimal set of generators for H . By our choice of {t j }, we have t j (H ) | j ∈ J ∼ = (H ∩ )= (H ). Furthermore t j | j ∈ J C H and t j | j ∈ J ∩ h i | i ∈ I = 1. Since the generators t j , being in H ∩ , are central, we also have
Then h i → 1 in H=H ∩ and so, as h i (i ∈ I ) is part of a basis, the factors h i must appear in pairs. Reordering the factors gives h as a product of h 2 i and commutators of the form [h i ; h j ], whence h ∈ (E H ).
(2) Let E ) E H be a subgroup of H . We claim that E is not an essential subgroup of G. By (1), we can write H ∼ = E H × K, where K is an elementary 2-group. Thus we have (
we have (E ) = (H ) = (E H ). Since E properly contains E H , we can properly extend the minimal set of generators {h i } of E H to a minimal set {h i ; h j } of E . Then { h i ; h j } forms a basis for E = (E ) and { h i } forms a basis of E H = (E H ). By construction of E H , the set { h i } is a basis for H=(H ∩ ) and therefore contains a basis for
(3) Let E; E be maximal essential subgroups of H . Let { h i } be any basis for H=H ∩ . Then there exist liftings to H , {h i } and {h i }, which are minimal sets of (topological) generators for E and E , respectively. We have h i (H ∩ ) = h i (H ∩ ) for each i. Deÿne a map Â : E → E by extending h i → h i multiplicatively. We must check that Â is well-deÿned, i.e., if h i = 1 in E, we must have h i = 1 in E . Note that for each i, there exists an element i ∈ with h i = h i i . We know that since {h i } is a minimal set of generators for I ∈ Cat, a product h i = 1 ∈ (E) can always be written in the form
But then, since all i are central elements of order at most two, we obtain
Thus we have a well-deÿned surjective homomorphism which is clearly invertible. (4) Since H = H , we have E H ∼ = E H by (3). Thus, it will su ce to show that E H ∼ = E H , i.e. that E H is a maximal essential subgroup of H . Assume that E )E H is a subgroup of H . Then we have
But by (1), we have E H =(E H ∩ ) = H=(H ∩ ). Thus all groups in (2.1) are isomorphic. If E is an essential subgroup, then E = ∼ = E=(E ∩ ) = E= (E), so (2.1) implies that E and E H have the same minimal set of generators and hence are equal.
Corollary 2.2. (1)
Any subgroup H ⊂ G ∈ Cat topologically generated by involutions can be written as
where I H is an involution subgroup.
The group I H is determined up to isomorphism. (4) If H is any other subgroup topologically generated by involutions with H = H ; then I H ∼ = I H .
Proof. The proof is analogous to the proof of Theorem 2.1. Since H is generated by involutions, the elements {h i ; t j ∈ H | i ∈ I; j ∈ J } can be chosen to be involutions. Then I H = E H in the proof of Theorem 2.1.
The involution subgroups of a W-group G satisfy additional properties not shared by general elements of Cat. For example, no such group can have Z=2Z as a direct factor. Indeed, we have the following result obtained in [8] . In order to prove it, we will need to understand precisely how the relations on W (F) determine G F and conversely. This is described carefully in [9, 10] and [12] . We give a brief explanation here.
Let G =Ḟ=Ḟ 2 be the group of square classes of F. Then G has a natural structure as a vector space over the ÿeld Z=2Z, and we can choose a basis B = {b i : i ∈ I } for G as a Z=2Z-vector space, where I is some linearly ordered index set. Let Q be the subgroup of the Brauer group Br(F) of F generated by the classes of quaternion algebras over F (see [2] or [5] ). Let F be the free group in the category Cat on the symbols {z i : i ∈ I }. Then (F), the Frattini subgroup of F, is a Z=2Z-vector space with basis z 2 i ; [z i ; z j ]: i; j ∈ I; j¿i . Let P be the set of homogeneous polynomials of degree 2 in the variables t i ; i ∈I, with coe cients in Z=2Z. Thus P is also a Z=2Z-vector space. We then have a natural pairing ; : (F) × P → Z=2Z, obtained by letting {z i ; t i t j ; i; j ∈ I; j¿i} be dual bases. We have a group homomorphism Â : P → Q given by Â(t
Then R can be viewed as the dual Q * of Q. It can then be shown that the W-group G and the group F=R are isomorphic pro-2-groups.
This description of the relations on the W-group allows one to deÿne an abstract W-group associated with any abstract Witt ring W (in the sense of [5] ). To do this, one just replaces (Ḟ=Ḟ 2 ; Q) in the description above with the associated "quaternionic structure" (G W ; Q W ) for the Witt ring W [15] . Proposition 2.3. Any two nontrivial involutions of G = G F which are not in the same coset of (G F ) do not commute with each other. In other words; Z=2Z × Z=2Z is not an essential subgroup of G.
we would have (a; a) = 1 ∈ Br 2 (F) for all a ∈Ḟ. This means, in the relations for G, no "squared terms" appear. But if H is a subgroup of G, then 2 and 2 both appear. Let L=F be a dihedral extension of order 8 containing F(
, and where √ a is not ÿxed by . (We can do this because ∈ . Such an extension is referred to as a D a; −a -extension of F; it exists since the quaternion algebra (a; −a) is split over F.) Consider ; , the image of H in Gal(L=F). We have 2 = 1, so the ÿxed ÿeld of is of index 2 in L and does not contain √ a. This means it cannot contain √ −1 either, but must be one of the two extensions of F of degree 4 sitting over
, so it must be one of the two subÿelds of index 2 in K not containing √ −b. On the other hand, the ÿxed ÿeld K of cannot contain √ b, so considering the subÿeld lattice, we see the intersection K ∩ K = F. Thus, the image of H in G generates G, which means and cannot commute. This is a contradiction, so H cannot exist as an essential subgroup of G.
Remark. It can be shown [4] that the only essential subgroups of G F that are generated by two generators (independent mod (G F )) are isomorphic to Z=4Z × Z=4Z; Z=4Z o Z=4Z; Z=4Z * Z=4Z; Z=2Z * Z=4Z, or Z=2Z * Z=2Z, where * denotes the free product in the category Cat. Of these ÿve groups, only the last two have any nontrivial involutions, and only the last is an involution subgroup.
Connections with preorderings
For any group G ∈ Cat, we deÿne an equivalence relation on the closed subgroups of
. This restricts to an equivalence relation on the subgroups of G topologically generated by involutions. In Theorem 2.1 we showed that the isomorphism type of a maximal essential subgroup of any group in an equivalence class is an invariant of the equivalence class. Thus, we can identify any equivalence class by [E] where E is an essential subgroup of G in the equivalence class. We deÿne a partial ordering on the set of equivalence classes by [
this restricts to a partial ordering on the set of equivalence classes of subgroups topologically generated by involutions, where again we can identify any equivalence class by [I] where I is an involution subgroup of G. Now let G = G F be the W-group of a ÿeld F. To any closed subgroup H ⊆ G we can associate a subgroup T H ofḞ by deÿning
Notice that since (G) ÿxes
There is a bijective inclusion-reversing correspondence between equivalence classes [H ] and subgroups T ofḞ containingḞ 2 . Furthermore; H is generated by involutions if and only if T H is a preordering on F.
Proof. Again let denote the Frattini subgroup (G F ). Suppose that
. Let { i | i ∈ I } be a minimal set of topological generators for E, and { i | i ∈ I } be a minimal set of topological generators for E . Then we may write the sets as T [E] = i∈I T i and T [E ] = i∈I T i , where T = T . We need to show that
In fact, it clearly su ces to show that
is properly contained in L. Since L is a subÿeld of F (2) , there exists some a ∈ T i with ( √ a) = √ a. But then a ∈ T , a contradiction. This shows injectivity.
To show surjectivity, let T be any subgroup ofḞ containingḞ 2 . Observe that every subgroup S ofḞ containingḞ 2 and of index 2 inḞ can be written as S = T for some ∈ G F . Then T can be written as T = T ⊃T T = T [E] , where E ∼ | T ⊃ T . Thus, we have a one-to-one correspondence; it is clearly inclusion-reversing.
By [11] , there is a one-to-one correspondence between cosets , an involution subgroup, and orderings on F, where the ordering corresponding to is
minimal set of topological generators for
H , all of which are involutions, then T H = i∈I P i , so we see that T H is a preordering. Conversely, let H be any closed subgroup of G F not contained in , such that T H is a preordering. By Theorem 2.1, H is generated by involutions if and only if any maximal essential subgroup E H of H is. Let i ∈ G F be involutions such that T EH = i∈I P i . Let I = i | i ∈ I . Then the ÿxed ÿeld of I is the same as the ÿxed ÿeld of E H , namely F({ √ a | a ∈ T H }). Thus I ∼ = E H , so E H is also generated by involutions, and hence so is H .
Note that by [11] we have a one-to-one correspondence between orderings and equivalence classes [I] of involution subgroups of G F for which |I= (I)| = 2. The following corollary generalizes this result to preorderings. Proof. In the proof of the theorem above, restrict the subgroups T ofḞ to those which are preorderings, and the equivalence classes [H ] to those which are represented by involution subgroups.
Remark. The correspondence of the preceding corollary gives a quantitative result when the sets are ÿnite: namely |I= (I)| = |Ḟ=T [I] |. The ÿrst number is 2 raised to the power of the minimal number of generating involutions of I, while the second is 2 raised to the minimal number of orderings whose intersection gives T [I] . Theorem 3.3. Let F be a formally real ÿeld. The isomorphism type of an involution subgroup I of G F determines W T [I] ; the reduced Witt ring of the preordering T [I] .
Proof. Write T for the preordering T [I] . Recall that for any element b ∈ F, we have √ b in the ÿxed ÿeld of I if and only if b ∈ T . Choose a minimal set of generators { i | i ∈ I } for I and extend it to a minimal set of generators
is dual to the square class groupḞ=Ḟ 2 , so we can choose a set of generators
Thus, b j ∈ T for all j. Now consider the (abstract) reduced Witt ring W T and its associated quaternionic structure (G T ; Q T ). We need to show that I is the W-group a liated with the quaternionic structure (G T ; Q T ). Let (G; Q) be the quaternionic structure for F. Then G ∼ =Ḟ=Ḟ 2 and G G T by sending b j → 1 for all j. Thus G T has {a i | i ∈ I } as a basis and I= (I) is dual to G T just as G F = (G F ) was dual to G. The relations on G F are as described in Section 2. The relations on I are precisely the subset of the relations on G F which can be expressed solely in terms of the generators i of I, i.e., the relators of a presentation for I are R F ∩ I, where R F is the kernel of the mapping of the free group (in Cat) on the set { i ; j | i ∈ I; j ∈ J } to the W-group G F . To complete the proof, we must show these relations form the precise Z=2Z dual to the kernel of the map from unordered pairs in G T to Q T as described in Section 2 for general abstract Witt rings. This is precisely the image of the kernel of the map to Q F obtained by sending b j → 1 for all j. But the dual of this can then be seen to be R F ∩ I.
With ÿniteness conditions on X T we can generally say more; this will be pursued further in the next section. Here we actually need a weaker condition than that the set X T be ÿnite, namely that T have ÿnite chain length. The formal deÿnition is given in the next section in (4.1).
Corollary 3.4. Let F be a formally real ÿeld. Any involution subgroup I of the W-group G F can itself be realized as the W-group associated to some abstract Witt ring W . If the preordering T associated to I has ÿnite chain length; then I can be realized as the W-group of some ÿeld K. 
This leads to the general question of whether every essential subgroup of G F is in fact realizable as the W-group of some abstract Witt ring or ÿeld. There is at least some evidence to this e ect. For example, the proof of Proposition 2.3 shows that Z=2Z × Z=2Z is not essential, and since no assumption was made on the order of in that proof, it also shows that Z=4Z × Z=2Z cannot be essential. Thus, the only abelian essential subgroups other than Z=2Z are of the form Z=4Z. On the other hand, it is known that these are precisely the abelian W-groups [12] . Additional results of this nature are given in [4] . All groups that are currently known not to be realizable as W-groups are also known not to be realizable as essential subgroups of Wgroups.
It is natural to ask about the ÿxed ÿelds of the groups corresponding to preorderings of the ÿeld F. As noted in the introduction, these may not be formally real, even when the preordering is a single ordering. The issue of when a single involution is real is carefully considered in [11] . In particular, every ordering is shown to have a corresponding real involution . Any other real involution inducing the same ordering is conjugate to , and all the involutions inducing the same ordering are the elements of [11, Proposition 2.9].
Proposition 3.5. Let T be a preordering of the ÿeld F. For each ordering P ∈ X T ; choose a single real involution P determining P. Let I be the subgroup generated by { P | P ∈ X T } and let K be the ÿxed ÿeld of I. Then the orderings of F which extend to K are precisely those in X T .
Proof. First assume that P ∈ X T . Since P +T , there exists an element b ∈ T with −b ∈ P. Every element of I ÿxes √ b, so it lies in K and P cannot extend. On the other hand, if P ∈ X T , then P extends to the ÿxed ÿeld of the generator P of I, hence it must extend to the subÿeld K.
Special preorderings and their groups
Let T be a preordering of a formally real ÿeld F. Let I T be an involution subgroup of G F in the equivalence class corresponding to T given by Corollary 3.2. By Corollary 2.2 I T is determined up to isomorphism (only). We next look at the isomorphism types of involution subgroups which correspond to special types of preorderings.
Proposition 4.1. (1) A preordering T is a fan if and only if I T ∼ = ( i∈I Z=4Z) o Z=2Z
with nontrivial Z=2Z-action on each of the Z=4Z factors. If |Ḟ=T | = 2 n ; then the product has n − 1 factors of Z=4Z. We shall refer to such a group as a fan group.
(2) A preordering T is SAP if and only if I T contains no subgroup isomorphic to (Z=4Z × Z=4Z) o Z=2Z; that is; no fan subgroup of order 32. If |Ḟ=T | = 2 n ; T is SAP if and only if I T ∼ = * i∈I Z=2Z where |I | = n. n−1 . MinÃ aÄ c and Smith [10] show that the associated W-group must be ( i∈I Z=4Z) o Z=2Z with action as claimed.
Proof. The preordering T is a fan if and only if the Witt ring W T (F) is isomorphic to an integral group ring
The preordering T is SAP if and only if T is not contained in any fan of index 8 in F. Since the preorderings containing T precisely correspond to the involution subgroups of I T , the ÿrst statement in (2) follows from (1) . If |Ḟ=T | = 2 n , the preordering T is SAP if and only if W T (F) ∼ = i∈I Z; |I | = n, with the product being in the category of abstract Witt rings. In this case, MinÃ aÄ c and Smith [10] show that the associated W-group must be * i∈I Z=2Z.
In the case where |Ḟ=T | = 2 n is ÿnite, the involution groups associated to fans and to SAP preorderings represent the extremes as far as orders of involution subgroups are concerned. That is, T is a fan if and only if |I T | is as small as it can possibly be for a preordering of index 2 n , and T is SAP if and only if |I T | is as large as it can possibly be for a preordering of index 2 n . Since necessarily |I T = (I T )| = 2 n , this is equivalent to saying that (I T ) is as small as possible for fan groups, and as large as possible for SAP groups. Speciÿcally, for a fan group I with |I= (I)| = 2 n , we have |I| = 2 2n−1 , and consequently | (I)| = 2 n−1 , while for a SAP group we have |I| = 2 n(n+1)=2 and | (I)| = 2 n(n−1)=2 . The fans and the SAP preorderings are also the extreme cases involved in determining the numbers associated with any preordering: chain length and (reduced) stability index. To discuss these, we again assume that the groupḞ=T is ÿnite. This is, in fact, equivalent to both of the numbers, chain length and stability index, being ÿnite [3, Theorem 13.9]. The clopen sets of the Harrison subbasis for the topology of X T are of the form H T (a) = {P ∈ X T | a ∈ P}. We recall from [3, Section 8] that the chain length of a preordering T , denoted cl(T ), is the maximum length n of a chain
Relating this to the group I T , one has H T (a 1 ) ⊆ H T (a 2 ) if and only if for all P ∈ X T , a 1 ∈ P ⇒ a 2 ∈ P, if and only if for all ∈ I T , (
For a SAP preordering with |X T | = n, the chain length is n. In general, to read this number o of the group (as in Proposition 4.1(2)) requires that the group be written in a canonical form. It is complicated further by the fact that the chain length of a fan may be 1 or 2 (1 when |X T | = 1 and 2 otherwise) and the fan group when |X T | = 2 may be written either as Z=4Z o Z=2Z as in Proposition 4.1(1), or as Z=2Z * Z=2Z as in Proposition 4.1 (2) . The canonical form we will choose is based on a recursive construction of the associated Witt rings W T (F). The stability index is determined by the largest index inḞ of a fan T ⊇ T and is denoted st(T ); it is n when [Ḟ : T ] = 2 n+1 , or equivalently, when |X T | = 2 n [3, Theorem 13.7] . In particular, a SAP ÿeld (or preordering) with more than one ordering has stability index 1.
Since we can associate a W-group to an abstract Witt ring, we can deÿne an (abstract) involution group in this more general context. An involution group is the W-group associated to an abstract reduced Witt ring, as described in [15] . In this context we will not have a speciÿc ÿeld in mind (though one always exists when X is ÿnite), so we shall write st(X ) and cl(X ) for st(T ) and cl(T ), where X is the corresponding abstract space of orderings.
The Witt rings associated with involution groups are torsion-free (cf. [11, Theorem 2.11]). These (reduced) Witt rings, when ÿnitely generated, can be constructed recursively via products and group ring extensions in the category of Witt rings [1, 5] . And, of course, the associated W-groups can also be constructed recursively; see [10] for details. For our purposes, we need only note that any ÿnite involution group is built up recursively by a ÿnite number of operations, beginning with Z=2Z and at each step either forming the semidirect product Z=4Z o I (with the action given in [10, Section 3]) or forming the free product I 1 * I 2 in Cat, where I; I 1 and I 2 were previously constructed by the process. Translating the computation of chain length and stability index into W-groups then gives a means of immediately reading o the values from the structure of a given involution group. Proposition 4.2. Let I; I 1 and I 2 be ÿnite involution groups with associated spaces of orderings (X; G); (X 1 ; G 1 ) and (X 2 ; G 2 ). The chain length of the space of orderings associated with I 1 * I 2 is cl(X 1 ) + cl(X 2 ). Its stability index is max(st(X 1 ); st(X 2 )) unless I 1 = I 2 = Z=2Z; in which case it is 1. The chain length of the space of orderings associated with Z=4Z o I is cl(X ) unless I = Z=2Z in which case it is 2. Its stability index is st(X ) + 1.
Proof. The group I 1 * I 2 has associated set of orderings X 1 ∪ X 2 with Harrison subbasic sets of the form H X1 (a) ∪ H X2 (b), a ∈ G 1 ; b ∈ G 2 , so the ÿrst chain length claim follows immediately from the deÿning expression (4.1). For the same reason, one sees that the stability index is max(st(X 1 ); st(X 2 )), with the single exception of the case where each space X i has only one ordering so that they have stability index zero while the space with two orderings has index one.
The space of orderings associated with the group Z=4Z o I is homeomorphic to {(P; k) | P ∈ X; k ∈ {0; 1}} with Harrison subbasis generated (under the operation of symmetric di erence) by the two copies of X and the sets of the form {H X (a) × {0} ∪ H X (a) × {1} | a ∈ G}. Thus, the set of orderings associated with a fan is doubled in size, whence the stability index increases by 1, and the chain length is unchanged except in the special case of going from one to two orderings.
We would now like to examine properties of fan subgroups more closely. The following several results give group theoretic analogues to a number of the results in [3, Ch. 5] . Proof. Suppose I is a fan group, and let ∈ I be such that (
is a subgroup of index 2 inḞ, which contains T and which does not contain √ −1. Since T is a fan, we have T [ ] is an ordering, and 2 = 1. Conversely, let I = I [T ] , and suppose that for all ∈ I, if ( √ −1) = − √ −1, then 2 = 1. Let S ⊇ T be a subgroup ofḞ of index 2, with −1 ∈ S. We need to see that S = T [ ] for some ∈ I, for then S will be an ordering, since such a will not ÿx √ −1. Let ∈ G F be such that the ÿxed ÿeld of is F( √ S). Then ⊆ I because T ⊆ S, so there exists a ∈ I such that = , and
Remark. By [10, Proposition 3.3], every W-group G F of a formally real ÿeld F has a fan group ( i∈I Z=4Z) o Z=2Z as a homomorphic image, where {−1; a i | i ∈ I} forms a basis forḞ=Ḟ 2 . The ÿeld is superpythagorean (that is, F is pythagorean, soḞ 2 is a preordering, and moreoverḞ 2 is a fan) precisely when this "homomorphic image" is in fact the group itself.
Corollary 4.4. If I is a fan group; then any involution subgroup of I is also a fan group.
Proof. If ∈ I , where I is an involution subgroup of I; and if ( √ −1) = − √ −1; then 2 = 1; since I is a fan group. Thus I must also be a fan group.
Proposition 4.5. Any involution subgroup G of G F which can be generated by two elements is a fan group.
Proof. If G can be generated by a single element, then G ∼ = Z=2Z, which is the "trivial" fan group. Let G ∈ Cat be generated by two involutions. Then G ∼ = Z=2Z×Z=2Z or G ∼ = Z=2Z * Z=2Z. However, as shown in Proposition 2.3, Z=2Z × Z=2Z is not an essential subgroup of G F . Thus, any such subgroup of G F is isomorphic to Z=2Z * Z=2Z ∼ = Z=4Z o Z=2Z, which is a fan group.
Theorem 4.6. For any involution subgroup I of G F ; the following are equivalent.
(1) I is a fan group. (2) Any subgroup H of I such that √ −1 is not in the ÿxed ÿeld of H is generated by involutions.
(3) Every three-generator involution subgroup of I is a fan group.
Proof. First assume I is a fan subgroup of G F . Then we may choose generators { i ; i ∈ I; } for I where i∈I i ∼ = i∈I Z=4Z and 2 = 1, with i =
−1 i
∀i ∈ I . Notice that every element in I can be "factored" in the form e i∈I ei i ; e; e i ∈ {0; 1} times some element of the commutator subgroup of I. The involutions of I are precisely those elements which have in their "factorization" , and these are also, by Proposition 4.3, precisely the elements which do not ÿx √ −1. Any two elements of exponent four commute with each other. Now let H be any subgroup of I such that √ −1 is not in the ÿxed ÿeld of H . Then among the generators of H is at least one which contains in its factorization, again by Proposition 4.3. Call this generator . Then if is any generator of H which is of exponent 4, we may replace it by , which will be an involution. Thus, H can be generated by involutions. This shows (1) implies (2) . That (1) implies (3) follows directly from Corollary 4.4. Now assume that (2) holds. Let ∈ I be such that (
Then is generated by involutions, so 2 = 1, and by Proposition 4.3, I is a fan group. Thus (2) implies (1).
Finally, assume that every involution subgroup H of the involution subgroup I of G F generated by three elements is a fan group. Thus, if ∈ H has the property that (
If we can show that 2 = 1, then by Proposition 4.3, we will have that I is a fan group. Since lies in an involution group, it can be written as a product of generating involutions = 1 2 · · · m . Each of the generators carries √ −1 to − √ −1, so m must be odd. If m = 1, is an involution and we are done. If m = 3, then lies in the subgroup generated by the three involutions 1 ; 2 ; 3 which is a fan group by hypothesis, so again 2 = 1. If m¿3, we use the same argument inductively: the element 0 = m−2 m−1 m lies in a three generator involution subgroup, hence is a fan group and thus 0 is an involution. Now = 1 2 · · · m−3 0 has shorter length and we are done by induction. Thus (3) implies (1).
| (I T )| as an invariant
In this section we take a look at | (I T )| as a useful numerical invariant for studying the (categorically equivalent) structure of ÿnite spaces of orderings, ÿnitely generated reduced Witt rings and ÿnite involution groups. We have seen in the previous section that | (I T )| is minimal for fan groups and maximal for SAP groups. This suggests using log 2 | (I T )| as a measure of the degree to which orderings can be separated by the elements of the Harrison subbasis. Let T be a given preordering of a formally real ÿeld F, X its corresponding set of orderings. The numbers commonly studied in describing the structure of the Witt ring W T (F) are |X |; |Ḟ=T |; cl(X ), and st(X ). We shall see that | (I T )| is independent of these four numbers, thus providing additional information in distinguishing Witt rings.
We We next establish a few simple results regarding the computation of (I). Using the recursive construction of ÿnite involution groups described in the previous section and the fact that (Z=2Z) = {0}, the following proposition su ces for all computations. Note that it extends the SAP and fan examples following Proposition 4.1. Proof. By [10, Section 2], for any ÿnite groups G 1 ; G 2 in Cat,
so | (I 1 * I 2 )| = 2 r+s+mn . By the way semidirect products work we know |Z=4Z o I 1 | = 4 · |I 1 | = 2 m+r+2 , and since for G ∈ Cat, log 2 |G= (G)| is the minimum number of generators for G, clearly
The situation of Example 5.2 cannot happen for lower stability index. Indeed, when the stability index is at most 2, the value of | (I)| is completely determined by the number of orderings and the size of the Harrison subbasis, though the chain length may vary for such spaces of orderings.
Theorem 5.4. Assume that I is an ÿnite involution group with space of orderings X having stability index at most 2. Set 2 q = |I= (I)|. Then
Proof. Following the methods pioneered in [1] , we prove the theorem using the recursive construction of I. Since the stability index is at most 2, Proposition 4.2 shows there are only three cases to consider: (1) a SAP group I, (2) a semidirect product Z=4Z o I where I is a SAP group, and (3) free products of groups of the ÿrst two types. For a SAP group, |X | = q, so our earlier computation of | (I)| shows that Eq. (5.1) holds in this case. For case (2), we may assume (5.1) for I. The space of orderings for Z=4ZoI has cardinality 2|X |=2q and |Z=4Z o I= (Z=4ZoI)|=2 q+1 , so Proposition 5.3 yields
as desired. Finally, for case (3) we may assume that (5.1) holds for two groups I 1 and I 2 with spaces of orderings X i and quotients |I i = (I i )| = 2 qi , i = 1; 2. Applying Proposition 5.3 again, we obtain
This completes the proof since the space of orderings for the free product is the union of the two spaces of orderings X 1 ∪ X 2 and the group of square classes (corresponding to I 1 * I 2 = (I 1 * I 2 )) is, in a natural way, the product of the two groups, and so has cardinality 2 q1+q2 (cf. [1] or [5] ).
Let F be a pythagorean ÿeld with ÿnite space of orderings X . Let P(t) = h q t q be the polynomial where h q is the dimension of the cohomology group H q (Gal(F(2)=F); Z=2Z) over Z=2Z. These polynomials have been studied by MinÃ aÄ c in [7] , where they are called PoincarÃ e polynomials. Some of the major invariants can be immediately read from this polynomial, as deg P(t) = st(X ), |X | = P(1) = h q and log 2 |Ḟ=Ḟ 2 | = 1 + P (0) [7, Theorem 5.2.1] . In particular, we note that h 1 = log 2 |Ḟ=Ḟ 2 | − 1.
Theorem 5.5. For any ÿnite space of orderings X with associated polynomial P and involution group I we have
where m = log 2 |I= (I)| (i.e.; m = log 2 |Ḟ=Ḟ 2 | where F is a pythagorean ÿeld with I F = I).
Proof. We prove the theorem using the recursive construction of the spaces of orderings (or equivalently, of reduced Witt rings or involution groups). If |X | = 1, then I ∼ = Z=2Z, m = 1, | (I)| = 1 and P(t) = 1 so the claim holds: 0 = 0 + 0. From [7, p. 173], we need the following two facts:
(1) For a direct sum of spaces of orderings (corresponding to the free product of involution groups), P X1 ⊕ X2 (t) = P X1 (t) + P X2 (t) + t − 1.
(2) For a group extension X of a space of orderings X (corresponding to the semidirect product with Z=4Z), P X = (t + 1)P X (t).
For the case of X 1 ⊕ X 2 , we assume inductively that we have two spaces X 1 ; X 2 satisfying Eq. 
as desired, since a 1 + a 2 is the coe cient of t 2 in the PoincarÃ e polynomial P X1 ⊕ X2 (t). Next we consider the group extension case Z=4Z o I where we assume (5.2) holds for I: log 2 | (I)| = as desired, because the coe cient of t 2 in (1 + t)P(t) is a+m−1, since the coe cient of t in P(t) is m − 1 as noted above.
Note that Theorem 5.4 is a special case of Theorem 5.5 since |X | = q if the space is 1-stable and |X | = P(1) = 1 + (q − 1) + h 2 for stability 2 [7, Theorem 5.2.1]. A proof of Theorem 5.5 can also be given in the general context of abstract W-groups, using the relations on G F , as in [15] .
Looking at examples, one discovers that P(t) is determined by h 1 , |X | and | | for all small spaces of orderings. In fact, the smallest example where this does not happen requires |X | = 34, in which case we have polynomials P 1 (t) = 1 + 10t + 14t 2 
Topology
The space of orderings of a ÿeld and the W-group of a ÿeld each have a natural topology. For Galois groups, this is an inverse limit topology of ÿnite groups. For the space of orderings X T over a preordering T , the topology makes it a Boolean space (compact, Hausdor , and totally disconnected); in particular, the topology is also the inverse limit topology of ÿnite (discrete) quotient spaces. For this reason, one naturally asks whether there is a relationship between the topologies since orderings correspond to involutions in an involution subgroup.
Let T be a preordering of a ÿeld F and let I be an involution subgroup corresponding to T by Theorem 3.2. For each ordering P in X T = {P ∈ X F | P ⊃ T }, choose a corresponding involution P ∈ I. Of course, the involution P is only determined up to being an element of the coset P (I), but it has the property that, for a ∈Ḟ, a ∈ P ⇔ P ( √ a) = √ a. As noted earlier, the clopen sets of the Harrison subbasis for the topology of X T are of the form H (a) = {P ∈ X T | a ∈ P}. If we embed X T in I via P → P , the subbasic set H (a) gets mapped to { P | a ∈ P}, which is the intersection of the image of X T with the set { ∈ I | ( √ a) = √ a}. The latter set is one of the deÿning basic open sets of the inverse limit topology on I, so the image of H (a) is open in the induced topology. c ∩ f(X ). This latter set is closed in the compact space Y , and hence is itself compact, so there is a ÿnite subcover {f(V i )}. Then the sets V i cover f −1 (U c ), and it is seen to be compact, hence closed in the Hausdor space X . Therefore f −1 (U ) is open and the mapping is continuous. Proposition 6.2. The injection of X T into I deÿned by P → P as above is a homeomorphism onto its image. That is; the induced topology on the image is identical to the Harrison topology.
